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Abstract. This paper begins to develop a topological conformal field theory 
analogue of the Segal-Stolz-Teichner project for geometric construction of el- 
liptic cohomology. In our context, we replace the theory Von-Neuman algebra 
bimodules and Connes fusion by differential graded category bimodules, and 
their natural categorical tensor product. At the same time, we extend the no- 
tion of bicategory in a geometrically natural fashion, and using this we show 
that some functors on the homotopy category of topological spaces coming 
from topological conformal field theory are representable. 



1. Introduction 

We begin to develop here a topological conformal field theory analogue of the 
fascinating proposal in Stolz-Teichner [7], following Segal [(i], for geometric con- 
struction of tmf-cohomology (a kind of universal elliptic cohomology) in terms of 
enriched elliptic Segal objects. The present note is only meant to complement 
the work of Stolz-Teichner; morally we only a look at part of the data that Stolz- 
Teichner consider and from a very different point of view at that. In particular 
although it is possible that our TCFT variant gives a new multiplicative cohomol- 
ogy theory (at least after incorporating more data, see Remark 3.2), it doesn't look 
like tmf-cohomology. The hope however is that it should be closely related. In par- 
ticular our construction produces a complicated graded ring, that we would like to 
relate to tmf (pt) . Moreover some of the ideas here should be helpful in the original 
proposal of Stolz-Teichner, particularly the notion of a relative bicategory, which 
at least from our perspective here seems indespensible. The main result here is 
the construction of a series of representable functors, constructed from topological 
conformal field theory, which is a significant step toward showing existence of a 
generalized cohomology theory based on conformal field theory. 

The formal properties of the elliptic objects of Segal-Stolz-Teichner are heavily 
motivated by properties of a specific elliptic object that can be assigned to any 
string vector bundle over a space X, this is the so called "elliptic Euler class". This 
object arises naturally via spin geometry. Likewise we are also motivated by a "god 
given" TCFT object, which can be assigned to "any" Hamiltonian fiber bundle over 
a space X with a connection, for example to a bundle of Calabi-Yau manifolds as 
is familiar to physicists, or to projectivization of a Hermitian vector bundle. This 
object arises via symplectic geometry, and we call it the Donaldson-Floer-Fukaya 
TCFT object, for the main contributors to the background needed for existence 
of this object. In particular, taking X = pt, this gives a 2-categorical enrichment 
of Gromov-Witten theory of a symplectic manifold. Details of construction of this 
geometric object, which are analytical are to appear in a sequel. 

Let us now take a step back to describe some of the background for the work 
of Teichner and Stolz, although the introduction of [7] does a much better job 
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of it. Segal's original vision of elliptic cohoniology, (forgetting some structure) is 
roughly that it is derived from rings of equivalence classes of Top enriched tensor 
functors from the string category of X, whose objects are collections of loops in 
X and morphisms are 2d-bordisms with domain a conformal Riemann surface: 
r : (Sg, j) — !• X, to the tensor category of topological vector spaces. Let us call as 
in [7] such a functor a Segal object. In this way Segal objects are highly analogous 
to geometric representatives of iiT-theory of X as continuous tensor functors from 
the "path category" of X to the unitary group considered as a topological category. 

However as pointed out by Teichner-Stolz an interesting new difficulty arises for 
Segal objects in that Mayer- Vietoris property seems to fail: a pair of objects on U , 
V coinciding on intersection may not come from an object on [/ U y. For example 
it is not even clear how to construct the "Hilbert" space associated to a loop not 
completely contained in either U or V . The proposal of Teichner-Stolz to deal 
with this problem is essentially to have the entire closed string sector of conformal 
field theory on X be emergent from open string data. In this way it is reminiscent 
of the foundational work of Costello in [ ] in the TCFT setting. Arguably the 
main technical ingredient in this proposal is the use of Von-Neumann algebra bi- 
modules and Connes fusion operation. The starting point for the present paper 
is the realization (probably not new) that Von-Neumann algebra bi-modules and 
Connes fusion also have an interesting formal analogue in the theory of topological 
conformal field theory: bi-modules over differential graded or Aoo-categories and 
a fusion or composition operation, which from a correct categorical view point is 
just "tensor product" , but which in our particular case it is intimately related 
to Hochschild chain complex. This leads us to define a notion of TCFT elliptic 
objects as functors to a certain bicategory of small dg-categories, from a bicategory 
associated to X coming from open/closed Riemann surfaces. However for this to 
work well we actually have to naturally extend the notion of a bicategory. 

When X = pt our construction seems to have some connection to Costello's [2] , 
which was of course a great source of inspiration. At least indirectly we are also 
influenced by Lurie's [ ]. Some of the ideas here also seem related to Turaev's 
Homotopy field theory, [ ]. 

1.1. Acknowledgements. I would like to thank Kevin Costello for some encour- 
aging remarks. The author is supported by a fellowship at CRM-Montreal. 



2. Preliminaries 

Notation 2.1. Note that we will always use diagrammatic order for composition 
of functors and morphisms i.e. the composition 

is written as fg and this explains the order of the tensor products below. This will 
mean that the geometric "right" action is really right action in algebraic sense, when 
we come to bimodules below. Elsewhere, we use the standard Leibnitz convention. 

Our categories and functors in all contexts are always assumed to be unital, 
which we sometimes emphasize explicitly. 
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2.1. Bicategories. A bicategory is a relaxation of the notion of a category enriched 
over the monoidal category of small categories. It is a collection of objects Co, a 
collection of 1-morphisms Ci(a, b), for any pair of objects a,b gCq, and a collection 
of 2-niorphisms C2 (mi, 7712) for mi, m2 G Ci(a, b). There are composition maps 

Ci (a, &) X Ci (&, c) Ci (a, c) , 

which are associative and unital up to natural 2-morphisms, called associator and 
unitor. The composition of 2-morphisms is required to be strictly associative and 
unital. Consequently, we get a category C(a, b) with objects Ci(a, b) and morphisms 
given by 2-morphisms. And there is a required "horizontal" composition operation 
of 2-morphisms, which is a functor 

C{a,b) X C{b,c) C{a,c), 

associative and unital up to natural transformation. There are usually in addition 

some imposed coherence identities on associators, unitors, similar to what is done 
for monoidal categories. We do not need this here (at least not yet), as it principally 
only plays a role in Mac Lane style coherence theorems. 

Keeping this in mind, we will need to work with a slightly more general notion 
of a bicategory, which we now define. The generalization comes from need to allow 
source and target of 1-morphisms to change when related by a 2-morphism. The 
geometric motivation of this will eventually be completely apparent, so we just ask 
for patience on the part of the reader. 

Definition 2.2. A relative bicategory {C,D,L,R) consists of: a collection of 
objects Co with an associated category D whose morphisms are called boundary- 
transformations, a collection of 1-morphisms Ci(a, 6), for any pair of objects 
a,b & Cq. a collection of 2-morphisms C2(mi,m2) for mi,m2 G Ci(a, 6). There 
is a composition operation on 1-morphisms, which is associative and unital up to 
natural 2-morphisms. Likewise there is a vertical composition operation of 
2-morphisms 

C2{mi,m2) X C2(TO2,m3) -> C2(mi,m3), 

where mi, 7712,^3 are not necessarily in the 1-morphism space of the same pair 
of objects a.b G Co, and this composition operation is required to be unital and 
associative. In particular, there is an associated category C\ whose objects are 1- 
morphisms, (not the boundary transformations). 
Finally, there are functors 

L:Ci^ D, 
R:Ci^ D 

And a horizontal composition of 2-morphisms which is a functor 

Ci y-L,R Ci — >■ Ci, 

with composition law associative and unital up to natural transformations, where 
Ci y< L.R Ci denotes the fibre product with respect to L, R. 

Notation 2.3. Later on when there is no risk of confusion, we omit specifying the 
category of boundary transformations D for a relative bicategory, referring to it as 
we would to a usual bicategory. 
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Functors and natural transformations. When we say functor between bicategories 
we always mean 2-functor. 

Definition 2.4. For a pair of relative bicategories 

C = {C,D,L,R),C' = {C',D',L',R') 

a functor F : C ^ C is a straightforward generalization of a functor of bicategories. 
First it is a functor F^d : D ^ D' . It then assigns an object F{a) G Cq for 
every a G Cq a morphism F{m) G C[{F{a),F{b)) for every m G Ci{a,b), s.t. this 
assignment determines a functor: 

F,:C,^C[, 

inducing a commutative diagram: 



L,R 



L',R' 



In particular Fi induces a functor 

Ci y~L,R Ci C[ y~L',R' C'l 
and we require that the following diagram commutes up to natural transformation: 
(2.1) CiXi,fiCi ^Ci. 



C\ Xl',r' C'l ^C'l 

Natural transformations of functors of relative bicategories will of course be 
crucial. It is perhaps instructive to first remind the reader how this works for usual 
bicategories. Let Fi, F2 be a pair of functors between bicategories Ci, C2. A natural 
transformation assigns 1-morphism N{o) : Fi{o) ^2(0) for every G Cq, and a 
2-morphism com(m) for every m : oi — > 02 which is an isomorphism 

com{m) : N(oi) ^2(771) — )■ Fi{m) oi N{o2). 

The 2-morphism com{m) is required to be natural, which we may elaborate as 

follows. Given m,m' : oi — )■ 02 and c : m — > to' in C2, we have the following 
2-morphism (with denoting horizontal composition of 2-morphisms) 

N{oi) o F2{m) ¥ N{oi) o F2{m ) ¥ Fx[m ) o N{o2) 

and another 2-morphism 

A^(oi) o F2(m) ^^^^ Fi(m) o iV(o2) ^^^^^ Fi(to') o Af(02), 
and these 2-morphisms are required to coincide. 

Definition 2.5. Let Fi,F2 be a pair of functors between relative bicategories C,C' . 
A natural transformation first assigns a natural transformation between functors of 

associated categories of boundary transformations. Then it assigns 0, 1-morphism 
N{o) : Fi{o) — > ^2(0) for every a G Cq, and a 2-morphism com{m) for every 
TO : oi ^ 02 which is an isomorphism 

(2.2) com{m) : N{oi) F2{m) Fi{m) N{o2). 
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Naturality of com{m) in the relative case is expressed as follows. There is an 
assigned a unital functor 

TR:D^C[ 

s.t. TR{o) — N{o) and TR(d) : N{o) N{o') has L/R boundary transformations 
Fi(d), F2{d). Here D is the category of boundary transformations in C and €[ 
as usual denotes the category of 1-morphisms in C . TR is required to satisfy the 
following property. Given m : Oi — > 02, m' : o'j^ — o'j and c : m ^ m' in C2, we 
have a 2-morphism (with denoting horizontal composition of 2-morphisms) 

N[Oi) o I'2[m) > ^[Oi) o b2\rii ) > ti{m ) o A* (03) 

and another 2-morphism 

Jy(oi) o b2\rn) > bi(m) o N {02) > ti[m )o A'^Oj), 

and these 2-morphisms are required to coincide. 

Clearly the definition in the relative case reduces to the usual one if we think of 
a bicategory as a relative bicategory in the trivial sense: the category D has only 
identity morphisms. 

3. Relative bicategories of open closed strings in X, and 

DG-CATEGORIES 

3.1. The relative bicategory V of small differential graded categories. A 

(unital) differential graded category A over a field k is category enriched over the 
monoidal category Ch of chain complexes of fc-vector spaces. This means that 
morphisms sets A{a, b) are chain complexes over fc, and composition is described 
by a map of chain complexes 

A{a, b) (g) A{b, c) A{a, c), 

for the standard chain complex structure on the tensor product on the left. For 
example consider the differential graded category of chain complexes Chdg, with 
degree n morphisms C/idg,n(Cij ^^2) being graded vector space maps Ci — )■ C2[n], 
not necessarily preserving the differential. The differential on C/irfg_„(Ci, C2) is 

Df^fodc + i-ir+'dc.of, 

with dci denoting the differential on Ct. Assume from now on fc = C. 

An A~ B bimodule over a pair of dg-categories ^, S is a C/i-enriched functor 

(3.1) V : A°P ® B ^ Chdg, 

i.e. it is a functor preserving all structure, where A°^ denotes the opposite category. 
In practice this means that we have a chain complex V{a, b) for a € A, b G B and 
for a pair of morphisms c — > a, 6 — > d in degree n respectively m a degree n + m map 
V{a, b) — ?► F(c, d), which is functorial in all variables. What we call bimodule is also 
sometimes called a profunctor or distributor. Our particular choice of name is meant 
to further emphasize the formal connection to Von-Neuman algebra bimodules in 
[7] and Connes fusion. 

Notation 3.1. We will write Hom{A) for the A — A bimodule 

(a, b) ^ HomA(a, b). 
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We then have the foUowing relative bicategory V. The objects of V are dg- 
categories. The 1-morphisms from A to B are A — B bimodules, boundary trans- 
formations D{A,B) are just dg-functors / from A to B. Given Vi G Vi{A,B), 
V2 G Vi(C, D) a 2-morphism of degree n from Vi to V2 is a pair of boundary trans- 
formations /l-A^Cj/r'-B^D and a degree n natural transformation N from 
Vi : A^P X B Chdg to {fl^ (g> Jr) o V2 : C (g> D Chdg, (we remind the reader 
that we are using diagramatic order for composition.) Where by degree n we mean 
that all the structure maps 

N{a, b) : Vi{a, b) fl^ (g> /r o ^2(0, b) 

have degree n. From this point of view the space 2-morphisms has the structure of 
a chain complex, with the obvious differential induced by D. 

We have to say now how to define the composition of 1-morphisms in V. There 
is an established theory of categorical bimodules, and their composition or "tensor 
product" which is a unital and associative operation (up to natural transforma- 
tion) defined via left Kan extension or coend, see for example [1]. This is our 
composition, however we are not going to describe this abstraction instead opting 
to give an explicit description of the composition. This description corresponds to 
the abstract definition provided we consider our functors (3.1) as enriched over the 
(00, l)-category of chain complexes, in particular the composition is associative and 
unital up to natural transformations. We will still just write Ch for this (00, 1)- 
category. The background for this latter point of view is in Lurie's books [-. , Section 
4.3], [ ]. We note also that the explicit definition we give, which is a kind of bar 
construction, is very natural from the point of view of the Donaldson-Floer-Fukaya 
TCFT object, as previously alluded to in the introduction. 

Given Vi G Vi{A,B), and V2 G Vi(B,C), Vi o V2ia,c) is defined as the total 
complex of the bigraded chain complex, which in degree (n, fc — 1) is 

{Vi{a, bk) «) B(6fe, 6fc_i) (g) . . . (g) B{b2, bi) (g) V2{bi,c))^ , 

fc— tuples 

bk,...MeB 

where the subscript n denotes the degree n component of the tensor product. The 
pair of commuting differentials are given by the natural differential on the tensor 
product of the chain complexes in the above expression, and 



do{vi (g) ruk-i . . . g) mi g) 1)2) = (wimfc_i) g) mk-2 g) . . . g) W2, 
di{vi (g nik-i . . . (g mi (g W2) = Wi g) Wfe-i g) . . . (g niinii-i (g . . . g) W2, 
dk{vi g) mfc_i g) . . . g) mi g) U2) = wi g) TOfe-i . . . g) miV2- 

for 

vi ® mfc_i . . . g) mi g) V2 G Vi{a, bk) g) B{bk,bk-i) g) . . . B{b2,bi) ® V"2(6i, c), 

where wim^-i comes from the right action of B on Vi(a, bk), miV2 comes from left 
action of B on V2(6i, c), and the other contractions are just compositions in B. It 
can be readily verified that dn ° dn =0. 



TCFT ELLIPTIC OBJECTS 



7 



3.1.1. Monoidal structure on V. This is the structure given by tensor product on 
objects, and tlic exterior tensor product on l-morphisms, with the later being 
defined as follows: for Vi € Vi{A,B), V2 e ViiC,D), 

Vi V2 e ViiA(g)C,B(g)D), 

Vi (g) ^2(0(8) 6,c(X) rf) = Vi{a,c) (S) V2{b,d). 

The unit is C, the dg-category with one object and morphism space just being C 
with its multiplication for composition, graded in degree 0. 

Adjunctions. We have a natural functor 

Adj : Vi ^ Vi 

by interpreting a,n A — B bimodulc as a C — A°p (E) B bimodule, where as usual Vi 
denotes the associated category of 1-morphisnis in the relative bicategory. 

3.2. Open-closed string bicategory OC{X). We first give a preliminary def- 
inition. Suppose for the moment X = pt, then this is the relative bicategory 

whose objects arc 0-dimcnsional oriented manifolds o, boundary transformations 
and l-morphisms from oi to 02 are either oriented diffeomorphisms from Oi to 02 
or oriented 1-manifolds, together with diffeomorphism of the boundary to 0°^ U 02, 
with 0°^ denoting oi with the opposite orientation. 

A 2-morphism is either a diffeomorphism between underlying 1-manifolds or an 
equivalence class of a conformal surface with corners, with parametrized boundary, 
with some oriented boundary components labeled as left/right boundary transfor- 
mations, which we sometimes abbreviate by calling them L/R-components. The 
boundary transformations may contain diffeomorphisms, these just correspond to 
corners between components corresponding to incoming/outgoing l-morphisms. 
(These are not labeled.) 

Two such conformal surfaces are called equivalent if they are related by a con- 
formal diffeomorphism, identifying the boundary paramctrizations, as well as the 
left/right boundary transformation labels. If an equivalence class of S is in the mor- 
phism space OC2(TOi,m2), mi e OCi{a,b), m2 S OC\{c,d) relative to boundary 
transformations di^^dji then it is furnished with a diffeomorphism of the bound- 
ary of E to U d°^ U U m2, with denoting mi with opposite orienta- 
tion, and with L/R components going to di,, respectively du. The structure func- 
tors L : OCi D, R : OCi D arc then obviously induced by the left/right 
boundary transformations. While the composition operations are the natural glu- 
ing operations of oriented 1-manifolds, and conformal surfaces with parametrized 
boundary. For a general CW-complcx X wc add continuous target maps into X 
for all our objects, morphisms, and boundary transformations, and this gives us a 
naturally topological relative bicategory. More explicitly: the objects, l-morphisms 
and 2-morphisms of OC{X) arc pairs (o. /), {m.,g). respectively equivalence classes 
of pairs for o, m, S objects, l-morphisms respectively representatives for 2- 

morphisms in OC{jpt) and /, g, h continuous maps of underlying manifolds into 
X. A pair of 2-morphisms (Si,ft,i), (£2,^.2) arc said to be equivalent if Si,S2 
represent the same morphism in OC{pt) and the corresponding conformal diffeo- 
morphism 5 : El — )• S2 satisfies: h2og = h\. The pair (S, /) represents a morphism 
in OC2{X){{mi, gi), (m,2, ,92)) if E represents a morphism in 0C2{pt){mi, m2) and 
restriction of / to boundary components mi , m2 (via identification) is gi , respec- 
tively 52- 
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The Mayer- Vietoris property will actually require a slight technical enlargement 
of the category OC{X). Again for X = pt, this is done by keeping the same 
objects and boundary transformations and defining 1-morphisms from o to o' to 
be oriented smooth 1-manifolds m with marked corners, with some components 
between marked corners labeled as free, with diffeomorphism of the boundary of 
m to 0°^ U o'. For a given 1-morphism, the complement of the associated free 
components is called principal, and this is assumed to be a smooth 1-manifold. 

We extend this as before for a general X. Then a pair of 1-morphisms 

(mi,/i),(m2,/2)eOCi(X) 

will be said to be equivalent if rui are related by a diffeomorphism g preserving all 
labels, s.t. h ° 9 = fi on principal components. The composition of 1-morphisms 
is defined by smooth gluing along boundary, i.e. no new corners are created. This 
shoiild should be clarified by the diagram for composition in Figure 1. Intuitively 
speaking free components are just built in identifications of objects. 

The 2-morphisms are much as before, but with extra structure of new labels on 
some of the smooth edges of the imdcrlying conformal surface. For S G 0C2{mi, m,2), 
mi : Oi — >■ 02, m2 : 02 — >■ 03 relative to boundary transformations d^, dn, the 
boundary of S as before comes with a diffeomorphism to rf^ U di, U U 7x12 and 
in particular there are smooth components in the boundary labeled as free or just 
F. 

Vertical composition of 2-morphisms is defined by gluing along principal parts 

of the 1-morphisms as defined above and likewise horizontal composition is defined 
by gluing along principal parts of L/R components. We illustrate an example in 
Figure 1. 

Monoidal structure on OC{X). This is given by disjoint union on the underlying 
geometric objects. 

3.2.1. Adjunction and free transformations. Recall that OCi{X) denotes the asso- 
ciated category of 1-morphisms in the relative bicategory. We then have a natural 
functor 

Adj : OCi{X) -> OCi{X), 
by interpreting a 1-morphism from a to 6 as a morphism from to U b. 

Aside from the adjunction, we also have certain transformations of 2-morphisms 
which wc call free transformation. Given a connected component do of L{T,), or of 
it!(S) for S a given 2-morphism from mi to m2, we remove do, instead considering it 
as a free component of a new morphism /r(m2), obtained from m2 by "adjoining" 
to it the new free component. In this way given S G OC2(mi,m2) wc get a 
new 2-morphisms /r(I]) G OC2((mi, /r(m2)). Exactly what "adjoining" means, is 
completely determined by the condition that fr{T,) is a 2-morphism relative to the 
new left/right boundary transformations. We could do a similar thing with mi, in 
practice though we only need to do this procedure with just the target morphism. 
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Figure 1. Diagram for vertical/horizontal composition. The com- 
ponents marked F are free. In this case there is only one order for 
composition due to the equivalence relation on 1-morphisms: we 
first compose top and bottom pieces horizontally and then compose 
vertically. 




Figure 2. Diagram for the composed 2-morphism. 



The differential graded bicategory OC{X). 

Remark 3.2. The most natural next step in our context seems to he to construct 

some kind of {oo, 2)-category from the topological relative bicategory OC{X). A 
related possibility is to apply the singular chains functor to the topological category 
OC{X), this however does not give a differential graded relative bicategory in the 
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expected sense as the space of objects itself becomes a chain complex. Both of these 
possibilities, in the context of TCFT objects (particularly in the context of Mayer- 
Vietoris property) present a number of technical and conceptual challenges, and we 
choose to postpone this development for the future. Instead we will work with a 
.simplest possible approximation of the second possibility, which however already has 
a very rich .structure. 

We associate to OC{X) a differential graded relative bicategory OC{X), with 
the same set of objects, l-morphisms, same collection of boundary transforma- 
tions D, but defining 2-morphisms in OC2{X){mi,m2) to be singular chains in 
OC2{X)(mi,m2), which are constant as chains in the mapping space of the topo- 
logical surface S. More precisely, denote by OC^^{X), the quotient space of 
OC2[X) obtained by forgetting the conformal structure in the equivalence rela- 
tion, and fog : OC2{X) 0CI°P{X) the quotient map. Then morphisms in 
OC2{X){mi,m2) are singular chains in OC2{X)(mi,m2) with image in a fiber of 
fog, and consequently OC2{X){mi,m2) has a grading and a differential Dch- Al- 
though the way we define it, it only has a partial additive structure. The grading 
will be denoted by an extra subscript: OC2,k{rni,m2). Note that OC{X) also 
inherits the monoidal structure, the adjunction transformation from OC{X), and 
the free transformations. 

The category OC(X) has a subcategory C{X) whose objects are the null objects 
of OC{X) (empty 0-manifolds) , l-morphisms are closed oriented 1-manifolds and 
associated 2-morphisms restricted to have no free components. 

Notation 3.3. The l-morphisms of C will be denoted by their number of com- 
ponents n, whenever orientation of components is not explicitly relevant. A 2- 
morphism inC2,k{'m,n), corresponding to a chain in the component ofOC2.k, where 
the underlying surface has euler characteristic x, be denoted by Ck,x- 

We say that two morphisms in OC2.k{X){mi,m2) are homotopic if the under- 
lying chains are homotopic in OC2{mi,m2). (We do mean homotopic and not 
homologous.) Define ho OC{X) to be the category with same objects, and 1- 
morphisms, with 2-morphisms: homotopy classes of closed chains underlying mor- 
phisms in OC2(mi,TO2) and identifying closed chains homologous in the fiber of 
fog : OC2{X) 0C*2^ (X). And likewise boundary transformations D(oi,02) are 
replaced by homotopy classes (relative 01,02) of the underlying maps. 

Define also ho V as the category with same objects, and l-morphisms and taking 
the 2-morphism space hoV2(m.i,m2) to be the homology groups of V2(jni,m2) 
with respect to the differential D, cf. (3.1). The boundary transformations in ho V 
are functors of dg-categories enriched over the homotopy category of Ch, again 
considered as an (00, l)-category. The latter is just the derived category D{Vect). 

Invariance under free transformations. Given c e OC2{'mi,m2) and fr{c) the 2- 
morphism given by adjoining some collections /, r of left/right boundary compo- 
nents as free components to rn2 : 02,l — ^ 02,/s, we have induced bordisms, which we 
think of boundary transformations 

di : 02,1 02,L, 

dr ■ 02,r 02,fi 

for some 02,;, 02,,- determined by I, r. 
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Definition 3.4. For an F : OC{X) — > V , we say that it is invariant under free 
transformations if there is a 2-morphism 

T : F(/r(m2)) ^ F{m2), 

relative to F{di), F{dr), such that: 

F(c) : F{mi) — >■ F{m2) is the composition 

F{m,) F{fr{m2)) ^ Fim^). 

Loosely speaking all this means is that our technical enlargement of 1-morphism 
and 2-morphism space is algebraically only formal. 

The name Calabi-Yau below is motivated by Costello's definition of Calabi-Yau 
categories in [ :]. Since for X — pt, the data of a Calabi-Yau functor has something 
to do with a dg-category intertwined with an open-closed TCFT. Note however 
that we do not explicitely require Calabi-Yau condition on our dg-categories. Still 
it seems very likely that for X = pt there is a connection between the notions. 

We note also that all of the following formal properties except the grading con- 
dition are actually used for the proof of Mayer- Vietoris property later on. 

Definition 3.5. A functor of bicategories F : ho OC{X) — )■ hoV is said to be 
Calabi- Yau of degree d, if: 

• It respects the involution opo, taking the adjunction to the adjunction, and 
is invariant under free transformations. 

• For 7^ c € OC2fl{{rn, /), (m, /)) a 2-morphism whose underlying surface is 
diffeomorphic to mx [0, 1] form a 1-manifold with boundary, the associated 
map ho i^(c), is an isomorphism. 

• F is h-monoidal: there are isomorphisms in ho V. 

ho F{A(x)B) ho F{A)(x)F{B), 
hoF{mi (?) — > hoF{mi) ig) hoF(r7i2), for toi, m2 £ OCi{X) 

• This merely fixes grading: for 

Ck.x € C2M{n,rn), 

Whitney sum on functors OC{X) V. For a pair of degree d TCFT objects 
Fi,F2, there is an object Fi ® F2, defined on objects by 

Fi®F2(z) =Fi(z)®F2(z), 

where Fi{z) ® ^2(2) is a dg-category with objects (a, 6) for a G Fi{z), b S ^2(2) 
and with morphism space Fi{z) © F2{z){{a,b), {c,d) = Fi{a,c) ® F2{b,d), for the 
usual sum operation on chain complexes. 

Similarly if m e OCi(zi,Z2) Fi®F2{m) is the fi©F2(zi)-Fi®F2(z2) bimodule 
defined by 

Fi © F2 (m) ((a, b) , (c, d))=Fi (m) (a, c) © F2 (to) (5, d) . 
And this obviously extends to 2-morphisms. 

Lemma 3.6. Given degree d Calabi-Yau functors Fi, F2 their sum Fi © F2 is also 
Calabi-Yau of degree d. 
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The proof is immediate from definitions. Note that from this point of view 
degree does not behave Hke rank of vector bundlcis, which of course is what we 
want if degree is to reflect cohomological degree in the following section. 

4. TCFT OBJECTS 

Wc first describe certain normalization conditions which may be ommited on a 

first reading. 

Definition 4.1. We say that V € V2{A, B) is induced byF:A->-B, ifV{a, b) = 
HomB{F{a),b). 

Definition 4.2. A Calabi-Yau functor F : hoOC(X) — >■ ho V is said to be nor- 
malized if the following holds: 

• For an invertible 1-morphism m : Ol or, the F{ol) — F^on) bimodule 
F{m) is induced by Ff,d{m), considering m as a boundary transformation. 
In particular we have a tautological vertically invertible 2-morphism 

Cra ■■ F{m) Hom{F(b)). 

• Given c € OC2,o(wi, m2), relative to boundary transformations dL ■ ol ^ 
o^, d_R : o_R — >■ o^, with nii invertible and c horizontally invertible: 

(4.1) F(c) = Cm,oid{FM{dR))oc-l e hoV2(F(mi),i^(m2)), 

with o denoting vertical composition, and id{Fi,4{d)) denoting horizontal 
identity 2-morphism relative to Fbdidg), which is just the 2-morphism 

iddn. € V2{Hom{F{oR),Hom{F{o'ii)))), 

naturally induced by the functor Fi,d{dR) '■ F{or) — > F{o'j^). 

Definition 4.3. We shall say that a natural isomorphism N between functors 
Fi,F2: ho OC{X) -^hoV is normalized if: 

• The associated functor TR : Z? — )■ ho Vi is a monoidal functor, where D 
as usual denotes the category of boundary transformations in the source 
category. (These are monoidal categories with respect to disjoint union 
respectively exterior tensor product.) 

• For every object a, the bimodule N{a) is induced by some isomorphism 
In{cl) '■ Fi{a) — >■ F2{a) with I]^-i{a) = IJ^^{a). In particular we have a 
tautological vertically invertible 2-morphism ci\r,a '■ N{a) -s- Hom{F2{a)). 
Then given a boundary transformation d : a ^ b we have: 

(4.2) TR{d) = CN,a o idiF2{d)) o c^l, e hoV2(iV(a), Ar(6)), 
with o denoting vertical composition. 

Definition 4.4. A TCFT object of degree d on X is defined as a normalized degree 
d Calabi-Yau 2- f unctor ho OC{X) hoV. 

We define J^d{X), to be the Grothendieck group completion of the Abelian 

monoid of equivalence classes of degree d TCFT objects on X, under normalized 
natural isomorphism. And we define reduced groups J^d{X) = Td{X) / const* J^dipt) , 
for const : X ^ pt. 

In addition to Whitney sum, wc may completely analogously also take tensor 
products of Calabi-Yau functors and this operation is additive on degree. Con- 
sequently we get a certain graded ring J^^{X), with graded summands J^d(X). It 
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would be very interesting to identify J^* ipt), and as we already mentioned Costello's 
[2] may have relevance to this. 

Theorem 4.5. 

Td '■ Top -> Ab, 
X ^ Td{X) 

is a representable cofunctor, where Top denotes the homotopy category of based 
topological spaces and Ab denotes the category of Abelian groups, in other words we 
have that 

Fd{X) = [X,7^d], 

for some TZd € Top an H-space. 

Proof. By the celebrated Brown representability theorem this will follow once we 
show that: 

• The pullback maps /* : J-d{Y) J^d{X) depend only on the homotopy 
class of / : X — > y, i.e. Td is a homotopy fmictor. 

• The Mayer- Victoris property is satisfied: ior X = U UV the sequence 

TdiX) ^ Td{U) ® Td{V) ^ Fd{U n V), 

is exact. 

• J-d takes coproducts to products, i.e. 

Fd{\/ X^)^\{FdX^. 

OL OL 

We need to show that if /, g : X — F, are homotopy equivalent then Ff = f*F is 
equivalent to Fg = g*F, for F a degree d TCFT object on Y. Let 01,026 OCq{X), 
then a homotopy H : X y.[Q,l\ ^ Y between f,g gives us morphisms n*(oi), n*(o2) 
in C'Ci(/*oi, iJ*oi), respectively 0Ci{g^02, HI02). And for m g OC 1(01,02), the 
homotopy H induces a 2-morphism in OC2{X), 

(4.3) corriHim) : n(oi) o g^{m) — > f^ni o 71(02), 

where n(oi) — n^(oi) and 71(02) — '^^(02). For d : o ^ o' & boundary trans- 
formation, we have a 2-morphism tr{d) : n{o) — >■ n{o'), with left/right boundary 
transformations g^,d: it is simply the track by the homotopy H of d. Now 
apply F to (4.3) and set N{o) = i^(77(o)), then we get a 2-morphism 

com{m) : N{oi) o F2{ni) — > Fi{m) o N{o2). 

We define TR{d) of Definition 2.5 as F{tr{d)). We need to now explain naturality 
of 2- morphisms com{m). 

Given c : m ^ m' , for m : oi — !■ 02, m' : o'l — >■ O2, with left right boundary 
transformations di : oi — ^ o'l, ^2:02—5-02, the chains corresponding to the pair of 
morphisms in OC2{X): 

(4.4) n[oi) o g^,m > n[Oi) o g^,[m ) > j^,m o 77(03) 

/. t-N / N com„(m) (/.c)o,,ir(d2) , , 

(4.5) r7i(oij o g^7Ti )> 7*777 o 77(02) > J*'m 077(02), 

are homotopic in OC2{X). We now explain this. We have a 2-morphism 

C0771t : 77(01) ° g*{'m) ^ «*(0l) ° Him O 77*(iJ*02), 
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induced by comn, where n*{Hlo2) : i?*02 — > 5*02, is induced by H. Then we have 
a 2-niorphism 

tn : n*(oi) o Him o n^iH^) ^ o o n\Hlo'^), 

which is just the horizontal composition of 2-morphisms tr : n*(oi) -> n*(o']^), 
i?*c : iJ*m — Him', tr : n^{Hlo2) n*(i7*02). Finally, we have a 2-morphism 
induced by comn 

com'f : n^{o'i) o Him' o ?i*(iJ*02) — > o 71(02). 

Then the family of 2-morphisms comt o trt o comj gives a homotopy between (4.4), 

(4.5) , and applying the functor ho F to these equations we get the desired naturality 
for com. The corresponding natural transformation is normalized, which is immedi- 
ate from construction and from the assumption that F is normalized, consequently 
Ff is equivalent to Fg. 

We now verify Mayer- Vietoris property. Denote an equivalence class of a TCFT 
object F by \F\. For a pair of degree d objects Fu, Fy on respectively V, with 
\Fu\ — \Fv\ = e ^{X), we need to construct an object F on X, that restricts 
to objects equivalent to Fu, Fy on U, V. By assumption \Fu\ — = |T|, for 
\T\ £ const* J^T dipt) C FTd{U n V). However, we may just as well suppose that 
|T| = 0, as we can set Fy = Fy + T, where T is the obvious extension of T on 
UnV toV. Then \Fu\ - = 0, and \F{,\ = \Fy\. 

Lemma 4.6. There is a TCFT object Fy on V , equivalent to Fy and coinciding 
with Fu onU n V. 

Proof. Let N denote the natural isomorphism from Fy to Fu on OC{U OV). Define 
Fy on objects by Fy{o) = Fy{o) for o eV-U, and Fy{o) = Fu for o eVnU. For 
a 1-morphism mi : ol — o^, o^ G V — U, o^ E VCiU, Fy{mi) = Fy o N{ofj). If on 
the other hand for 7712, olEVDUjOjiEV— U define Fy{mi) = N^^ o Fy{m2). 
^ For 7713 e OCi(y n [/), Fyims) = Fuims). Finally, for 7714 G OCi{V-U) define 
Fy{m3) — Fy{m3). For a general 777 first decompose it as composition of types 
above, and define Fy{m) by functoriality. 

Define Fy similarly on boundary transformations. For a composable pair mi, 
7712 with these 1-morphisms as above, define the naturality 2-morphism (see (2.1)) 

(4.6) Nat : Fy{mi o 7772) Fy{mi) o Fy{m2), 

by Nat — idof^ com]^{m2) where id is the identity 777,1 ~^ and comN{m2) is 
the commutation 2-morphism induced by the natural transformation N, see (2.2). 
Similarly for a composable pair 7772, 7773 again with these 1-morphisms of type above, 
Nat = C0777JV-1 i'ni2) °h id. In other cases just define Nat to be identity. 

We need to define Fy (c) separately for c with various types of boundary data. 
We won't write out every possibility, as they are just doing the only thing which 
can be done, and so are somewhat self explanatory, but here are a few. Suppose we 
are given a 2-morphism c € OC2{V){mi,m2), mi : oi l oi a, 7772 : 02,l — ^ 02,_Rj 
with relative boundary transformations di : oi^i — 02,l, dr : oi^ji — ^ 02^r. 

Case 1: suppose that oi,l,02,l E V — U and oi^ji,02.R E U CiV, then define 
Fy(ci) as the horizontal composition F{ci) Oh TR}^{dr), note that the expression 
TR^idr) makes sense even if d^ does not lie in U DV, if we define it via (4.2). (In 
our case Fi = Fy, F2 = Fy, a = Oi__r, b = 02,r.) 
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Case 2: 02,l, 02,fl, oi.l are as before but oi^r lies inV —U then iV(c) is defined 

as ^ 

Fy(c) = Fy(c) {id{dR) o Cjv-i,02,r), 

in the notation of Definition 4.3. 

Case 3: if Oi^LjOi^R lie inU OV, then define 

Fvic) = Fuic). 

Case 4: 02^l,02,r he in L/ n F and oi,l oi^^ lie in V ~ U. Then define 
■P^v(c) = {{id{dL) o c^-i^o^^) o/i -F'y(c) {id{dR) o c^^^^ o com^(TO2), 
where com'j^(m2) ■ N^^{o2.l) ° Fy{m2) o N(o2,r) — > Fij{'m2), is the compositon of 
ido,j comN{m2) : A^""^(o2,l) o Fv{m2) o N{o2,r) N^^{o2x) ° ^(02, l) o Fu{m2), 
where comisi{m2) given by the natural transformation A^, with the 2-niorphism 
N-^(o2,l) o N{o2,l) o Fu{m2) ^ Fu{m2). 

The point of course is that Fy is in fact a functor, which amounts to first checking 
that Fy is a functor OCi{V) Vi, which is essentially immediate from definitions 
and the defining property of the functor TRn ■ And then checking that the above 
defined Nat gives a natural transformation commutator for 

(4.7) OCi{V)xl,rOCi{V) ^ , 

Fv 

1 Y 
Vi Xl^^r^ Vi ^ Vi 

see (2.1). 

This is straightforward to check although again we won't right out every case. 
For example suppose we have a pair of horizontally composable 2-morphisms ci , C2 
with Ci of type 1 and C2 of type 3, along d : o — > o', (i.e. d is the right respectively 
left boundary transformation of ci respectively C2). Then 

(4.8) [Fy{ci) o,, Fy(c2)) o Nat = Fy(ci) TRN{d) o^, Fu{c2) o Nat, 
by the defining property of TRn this is: 

(4.9) Nat o (Fy (ci) Fy(c2) Ti?Ar(dfl)) = Nat o (Fy(ci o C2)) , 

for dR the right boundary transformation of C2. 

Finally, the fact that Fy is equivalent to Fy is built into its definition. □ 

Lemma 4.7. Given Fy as in the above lemma, there is an induced object F on 
UUV, restricting to Fy , Fu over V, respectively U. 

Proof. On the level of objects and 1-morphisms it is clear how to proceed as this 
highly analogous to if-theory (if we think of it in terms of equivalence classes of 
functors on the path category): decompose a 1-morphism in OCi{X) as compo- 
sition and or disjoint union of 1-morphisms in OCi{U),OCi{V) and define F by 
functoriality and or h-monoidal property. For example suppose m — mjj o my for 
mu : oi — ?► 02, my : 02 — > 03 1-morphisms in OCi(U), OCi{V). Define F{m) by 
F{m) — Fu(mu) o Fy{my). The case of a general decomposition of a 1-morphism 
is similar. 
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Figure 3. The parts of surface marked V map into U, respec- 
tively V. 



Also for 2-morphisms coming from diffeomorphisms there is nothing to do. Given 
a general 2-morphism in c G OC2{X), we may also decompose it as horizontal and 
vertical compositions of morphisms in OC2{U),OC2{V). The only tricky part of this 
is that we may need to use the adjunctions, and free transformations. In Figure 3 is 
illustrated a prototypical example. To assign value of F on this 2-morphism c, first 
use that F would be invariant under free transformations, and rename the circular 
R component as a free component. We may then use adjunction to decompose it in 
a way analogous to example in Figure 1 and proceed to define F by functoriality, 
as before. 

□ 

Let now verify the wedge sum property. Since we are working with CW com- 
plexes, each Xa is a CW subcomplex of X and so is a neighborhood deformation 
retract in X. Consequently by the Mayer- Vietoris property we have a surjection 

U:TdiX)^llT4X^), 

a 

since J^d{pt) = 0. We need to show that there is no kernel. The way this works is 
also formally similar to K-theory. Denote the equivalence class of a TCFT object 
F by \F\. lfU{\F\) = then each 

\ilF\ = \const*Fo\ e MX^), 

for ia : Xa X and const : Xa — pt based maps for some Fg. The object Fq is 
independent of a, since the based maps pt Xa X coincide, and pt — >■ Xa — > pt 
is identity so we must have |-Fo| — \'i*F\ € Td{pt) ior i : pt ^ X the based map. 
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So we just need to show that it foUows that |F| = \G\ E Fd{X), for G — const* 
where const : X ^ X is the constant map to the based point xq. 

Given m £ OCi{X)(ol, or) decompose it as a composition of 1-morphisms mi G 
OCi{X){oi^L, Oi^ii), 1 < i < n with each mapping to X{ai), and Oi^LiOi.R G 
OCo(a;o) except o^ = oi^l and On.R = or. Natural transformations Ni between F 
and G on X^ give 1-morphisms: 

7V,(o,,l) : F(o,x) ^ G(o,,l)), 
N^{o,,r) : F{o,,r) ^ G{o,,r), 

and F{oi^l) = G(oj,l), F{oi^R) = G{oi^r), except at oi,l and On,R- Consequently, 
we may suppose that Ni{oi^i,), Ni-i{oi-i^R) coincide except for oi_l, On,Ri whenever 
this makes sense in terms of indexes. As otherwise define Ni = Ni o N^ for iVo the 
natural transformation G ^ G, No{o) = A^i(o^j,)~^ o Ni{oxg), where Oxg is the 
object pt 1-^ xq G X, and o some object pt — > Xa-. This is trivially a natural 
transformation by defining TRno via (4.2). Then Ni have the above property. 
But then the commutation 2-morphisms 

comi : N,{oi) o G(m,) F{mi) o iV(o^ 

horizontally compose to a commutation 2-morphism 

com : Ari(oi) o G{m) F{m) o iV„(o^J. 

We must show that it is natural. Given c : m ^ m' with m, m' decomposed 
as above, it is homotopic (after decomposing into finer pieces if necessary) to a 
horizontal composition of morphisms q : — > m[, for some mi : Oi^L — ^ Oj.i?,, 
rrii : Zi^L Zi^R, in CCi(XaJ. 

We first show that except for the extremal end points the following 2-morphisms 
coincide: 

TR,{d,,L) : N,{o.,,l) ^ N,{z,^l) 
TRi^i{di^i,R) : N.i^i{oi-i,R) A^j-i(zi-i,i?,). 
Since our natural transformations are normalized, 

TRi{di^L) = cn,{o.,x) o id{di^L) ° Cj^-iiz^x), 
TRi^i{d.i^i,R) = CN,_i{oi-iM) ° id{di^i^R) o c^-i (zj_i,_r). 

By assumptions di-i^R — dix- On the other hand cat. (o^.l) = CNi_i{oi-i,R), since 
Ni{oix) = Ni_i(oi_i R) and by the well known fact that if a Ch enriched functor 
G^^ (8) C2 ^ Ghdg is induced by a Cft. enriched functor F : Ci C2 (as in definition 
4.3), than F is uniquely determined. 

Consequently, naturality of com follows from naturality of comi provided each 
Ci lies in OC2{X(ai)). But if this is not satisfied we may decompose Ci as in the 
proof of Mayer- Vietoris and use functoriality to reduce to the previous case. □ 
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